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Abstract: A prescription is given for computing anomalous dimensions of single 
trace operators in SYM at strong coupling and large N using a reduced model of 
matrix quantum mechanics. The method involves treating some parts of the oper- 
ators as "BPS condensates" which, in certain limit, have a dual description as null 
geodesies on the S 5 . In the gauge theory, the condensate is similar to a representative 
of the chiral ring and it is described by a background of commuting matrices. Exci- 
tations around these condensates correspond to excitations around this background 
and take the form of "string bits" which are dual to the "giant magnons" of Hofman 
and Maldacena. In fact, the matrix model approach gives a quantum description of 
these string configurations and explains why the infinite momentum limit suppresses 
the quantum effects. This method allows, not only to derive part of the classical 
sigma model Hamiltonian of the dual string (in the infinite momentum limit), but 
also its quantum canonical structure. Therefore, it provides an alternative method 
of testing the AdS / CFT correspondence without the need of integrability. 
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1. Introduction 

Understanding the strong coupling limit of non-abelian gauge theories is still an 
outstanding open problem in theoretical physics. Most of our understanding comes 
from Conformal Field Theories (CFTs). According to the AdS/CFT conjecture, 
at large N and large but fixed 't Hooft coupling, we should find an effective geo- 
metrical description of these theories in terms of perturbative string theory on an 
asymptotically AdS background [[[]. Proving (or disproving) this conjecture is still 
an important open problem. However, much evidence in its favor have been found in 
recent years. The best studied example of the correspondence is the duality between 
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M = 4 SYM theory in four dimensions and string theory on AdS§ x S 5 . This is the 
model that we will study in this paper. 

The most significant obstruction to proving the correspondence is our inability 
to make strong coupling calculations in SYM theory. Pure supersymmetric states 
have protected dimensions and so one can map them directly to SUGRA excitations 
on the dual string theory 1 . However, for non-supersymmetric states one needs to 
be more clever and find a way to extrapolate a weak coupling calculation to strong 
coupling. As in any perturbative expansion, the secret is to be careful in choosing 
the "background" state one is expanding around. 

It was realized a few years ago that one can define the perturbation theory around 
the supersymmetric single trace 1/2 BPS states of the form 



with Z one of the three complex adjoint scalars of SYM. For large J these states 
are dual to point-like classical strings rotating with angular momentum J along a 
null geodesic on the equator of the S 5 . The first "small" non-BPS excitations to be 
understood where the so-called BMN states of the form || 



where p ~ 1 / J. 

In fact, the effective geometry seen by the small strings is a plane wave and thus 
it allows the exact calculation of the spectrum in the string theory side. It turns out 
that for these fast rotating strings the expansion parameter in their energy is of the 
form ~ A/ J 2 . It is then possible to extrapolate a perturbative calculation in SYM 
by first taking J large and then A — > oo but with A/ J 2 = fixed <C 1. 

On the string theory side, however, the limit is the opposite: A ^> 1 first to get 
perturbative string theory, and then focus on trajectories with J> 1. Surprisingly, 
both calculations agree up to order A 3 where a 1/ J discrepancy is has been found 
[|]. It is believed that the discrepancy is just an artifact of the opposite order of 
limits and the fact that keeping A/ J 2 fixed entangles both 1/y/X and 1/ J quantum 
corrections. 

One can proceed along these lines and consider states with many transverse 
"impurities", e.g. 



One can compute the anomalous dimension matrix in this basis and it has been 
found that one can also define large charge limits with Jx, Jz — ► oo that allow to 
extrapolate the weak coupling calculation to strong coupling. On the string theory 

1 See H for a more comprehensive review of this and other aspects of the AdS/CFT correspon- 
dence. 
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dual one find that these states correspond to long semiclassical rotating strings 2 . As 
before, one considers a limit where A/ J 2 is held fixed. One can even match the sigma 
model actions for these strings in this limit 0, 0, §, but one again finds a discrepancy 
at three loops ||. 

One can also define an expansion around BPS D-brane states called Giant Gravi- 
tons. The limits described above are also useful for this case and one can show 
agreement with the string theory at one loop ]10, 11 1. 



It is apparent at this point that all of the comparisons described above require 
certain amount of confidence in extrapolating the weak coupling results in SYM to 
strong coupling. One would like to be able to define a strong coupling expansion 
directly. This is of course the "holy grail" of high energy physics. In any case, it is 
believed that this expansion is possible at least in SYM based on integr ability. 

In the last years there has been great hope that integrability will allow to prove 
AdS/CFT at least in the free closed string sector. This hope was motivated by the 
discovery of integrability at one loop in the gauge theory dilatation operator |T2|| and 
was followed by the discovery of c/asszca/ integrability in the string theory world-sheet 

& 

The quantum integrability in the gauge theory has been argued to persist at 
higher loops and an all-loop guess for the Bethe ansatz has been presented in [|14|, [15| 



This has also been accompanied by a similar guess for the presumed quantum Bethe 
ansatz for the dual string theory (T^j . The all loop Bethe ansatz for the gauge theory 
was actually used in the higher loop test of AdS/CFT described above 3 . 

One can see that the proposed integrable structures are very similar on both sides 
of the correspondence but they do not quite agree. In fact, all the disagreement can 
be encoded in a single overall phase in the Bethe ansatz' S'-matrix [[TIJ. Solving this 
discrepancy is still an open problem. In any case, using integrability to prove/test 
AdS/CFT has some major drawbacks. First, integrable structures are very delicate 
and can fail at higher loop as it happens in the plane wave matrix model [T7[ . Failure 
of integrability at two loops has also been claimed to happen for the open strings 
on Giant Gravitons [0, ^0| . This is specially concerning since all of the test of 
AdS/CFT so far rely on an (educated) guess at higher loops. In fact, the quantum 
integrability of the string theory is still a conjecture. Secondly, even if integrability 
works for Af = 4 SYM it will not work for other less symmetric CFTs. 

It is then very desirable to develop techniques that allow a systematic large A ex- 
pansion directly from the gauge theory without the need of integrability. We believe 
that the key for this program lies again in expanding around highly supersymmetric 
states. Moreover, given the general combinatorial nature of the dilatation operator 
in terms of spin chains (at least for the scalar sector), it seems very likely that one 



2 There is an extensive literature on this subject so here we will refer the reader to the recent 
review ||. 

3 For a recent review about integrability and semiclassical strings see pq. 



3 



can always find a reduced quantum mechanical model to describe the effective dy- 
namics of certain sectors of the theory. In fact this idea was originally put forward 



by Berenstein in pi |. It was argued there that the effective dynamics of 1/2 BPS 
states can be described by a reduced quantum mechanical model of a single matrix 
in an harmonic oscillator potential which, after diagonalization, can be written as TV 
fermions in an harmonic trap. One can describe semiclassical states of the theory in 
terms of droplets in the single particle phase space. Reduced quantum mechanical 
sectors are also known to arise in thermal M = 4 SYM on R x S 3 [|22| , |23 |. 

For the 1/2 BPS states, the reduced model was amazingly confirmed by a 



SUGRA calculation in [24], where it was found that all the 1/2 BPS solutions in 
IIB SUGRA can also be classified in terms of droplets in a plane. 

Generalizations of the reduced matrix model for 1/4 and 1/8 BPS states were 



proposed in |25[ in terms of multiple matrix models of commuting matrices. The 
gravity side of the story for these states is still incomplete, but some recent progress 
has been made in |26|]. Nevertheless, some important consistency checks for the 



proposal in [25] have been put forward recently. First, the ground state for the 1/8 
BPS model is described by a singular distribution of eigenvalues on an S 5 C 1R 6 in the 



large N limit |2"5| . One can calculate quadratic excitations around this background 
of commuting matrices and one finds that they can be pictured as "string bits" 
which joint two eigenvalues on the sphere. The spectrum of these excitations has a 



dispersion relation [[27 



E(p) 



l + A sin 2 (p/2 ) = v ;i 



sin 2 (A(^/2) 



;i-4) 



where p is the momentum of the BMN state ( |1.2j ) and Aip is the azimuthal angle 
between the two eigenvalues on the sphere. This is in fact the exact proposed dis- 
persion relation in the Bethe ansatz of both the gauge theory and the string dual 



What is more surprising is that the picture of the "string bits" and the relation 
p = A(p was recently confirmed by Hofman and Maldacena using a purely classical 
string theory analysis [S^j. These authors introduced a limit where one takes J — > oo 
with p fixed. It was proposed that the "magnon" excitations of the form (|1.2j ) are dual 
to classical string solutions on S 2 that form a straight line joining two points on the 
boundary of the circular droplet (the equator of S 2 in the usual coordinates). These 
"giant magnons" have a dispersion relation like ( |1.4| ) (at large A) after identifying 
p = A(p. This confirms the prediction of the matrix model calculation! Moreover, 
these matrix model techniques can also be applied to more general CFTs as in |30|, |3]]] . 

Therefore, even though we do not have a proof that the effective dynamics of 
scalar operators is given by a reduced matrix model, we have non-trivial checks that 
this is indeed the case. 
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In this article we attempt to clarify the meaning of the matrix model calculations. 
In particular we give a precise proposal that relates the matrix model computations 
to the more familiar operator mixing problem. This is done in terms of what we call 
"BPS condensates" which are summarized in section 2. A detailed discussion is given 



in sections 3 and 4 where we also review how one obtains the giant magnons of p2 



directly from the matrix model calculation and how one can generalize these to the 
SU(3) sector of the theory. For the SU(3) sector, however, the matching with the 
dual string theory is more restricted since it turns out that one needs to understand 
the backreaction to the 1/4 and 1/8 BPS condensates. 

In any case, we obtain a quantum description of the giant magnons and we 
get a better understanding of why the Hofman-Maldacena limit is really a classical 
limit. The possible interpretation of magnon bound states in our formalism is briefly 
discussed in section 3. We also show how the matrix model calculation gives not 
only the correct Hamiltonian for the string states (in the infinite momentum limit) 
but also the canonical structure expected from the string theory dual. This is very 
encouraging since it would be very desirable to match directly the sigma model of the 
string theory and its canonical structure rather than having to solve for its spectrum. 
This would allow generalizations to other less symmetric field theories. In section 5 
we discuss the backreaction to the BPS condensates and we explain why our method 
works in the strong coupling limit. Finally we discuss the prospects to relate this 
procedure to the more familiar Bethe Ansatz technique on the conclusion. 



2. The General Idea of BPS Condensates 

Here we want to summarize the general idea of BPS condensates using the familiar 
single trace scalar operators of SYM theory. In the next sections we will develop the 
details of this method and its interpretation in terms of the dual string theory. 

When doing perturbative calculations in either the gauge theory or the string 
dual one always has to choose a classical background configuration to expand upon. 
In the gauge theory side of the correspondence one can rephrase this as defining the 
expansion around certain set of operators that are dual to classical string configura- 
tions as we discussed in the introduction. 

Here we want to rephrase this expansion in terms of the effective matrix model 
mentioned above. Lets start by considering a generic SU(2) single trace operator. 



One can write this kind of state using the bosonized language introduced in |10], [I 



Tiiy Z ni Y Z n2 Y ■ ■ ■) . (2.1) 

In the next section we argue that these states are described by a quantum mechanical 
matrix model of two complex matrices. For large n.j one can see the Ys as impurities 
in an otherwise 1/2 BPS operator Tr(Z n ). In the excited state ( |2.1| ), the Z ni s look 
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localy like BPS states and we call them 1/2 BPS condensates. In the matrix model 
it then makes sense to expand around a background of normal matrices: [Z, Z] = 
and Y — 0. This "classical" BPS background can be the circular droplet for example 
and we identify it with the 1/2 BPS condensate in the operator language. The 
fluctuations 5Y are called "string bits" and they are dual to commutators between 
the Y and the BPS condensates in the operator language: 

Tr(Z n )^ Tr([Y,Z ni ][Y,Z n *]---), = n . (2.2) 

i 

The states Q2.1| ) serve as a basis for these excitations. The fluctuation 5Z are the 
backreaction of the condensate and in this case we will see that they can be integrated 
out to give an effective action for the transverse excitations on the classical BPS 
background. 

In the dual string theory we will see that for n,i — > oo the 1/2 BPS condensates 
become classical and localize the ends of the string bits on the boundary of the cir- 
cular droplet. Namely, a null geodesic on 1 x S 1 . This is precisely the interpretation 
advocated recently in f32| . This will be discussed in detail in the next section. 



If the number of Y fields is comparable to the number of Zs, it makes sense to 
expand around a state of the form: 

Tr({Z n Y m }) . (2.3) 

Here the curly brackets denote symmetrization between the letters Y and Z. This 
state is just a rotation of the 1/2 BPS state. For multi-trace operators, symmetrized 



states similar to this one are 1/4 BPS [|33| |34j. Small excitations around this state 



will be described by turning on commutators that break the symmetrization, 

Tv({Z n Y m }) -> Tr([Y, {Z ni Y mi }][Z, {Z n2 Y m2 }} ■ ■ •) , etc. (2.4) 

One can find a basis for these excitations in analogy to (|2.1|) , 

Tr (Y{Z ni Y mi }Z{Z n2 Y m2 } ■■■) . (2.5) 

Since the words {Z ni Y mi } look like 1/4 BPS states we call them 1/4 BPS conden- 
sates. As in the case of the 1/2 BPS condensates this description is more useful when 
ni,m>i — > oo. As we will see, the dual interpretation is that, in this limit, the 1/4 
BPS condensates localize the ends of the string bits on null geodesic on R x S 3 . 

In the matrix model language we should then expand around a "classical" con- 
figuration of commuting normal matrices [Y, Z] — = [Z, Z] = [Y, Y] = 0. This 
configuration can be one of the 1/4 "droplets" of [|25|| . For the ground state we 
get a S 3 distribution of eigenvalues. The fluctuations around this background will 
correspond to the commutators: 

5Z ~ [Z, {Z n *Y m *}} , 5Y ~ % {z ni Y mi }} . (2.6) 
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We discuss these fluctuations in section 4. 

The generalization to SU(3) states should be obvious by now. For example, in 
the case where we have many Y and Z fields and a few Xs, we can consider the 
following basis for the transverse excitations 

Ti{X{Z ni Y mi }X{Z n2 Y m2 } ■■■) . (2.7) 

In the matrix model we expand around [Y, Z\ = [Y,Y] = [Z,Z] = 0, X = 0. In this 
case a fluctuation SY or SZ amounts to a breaking one the condensates and thus 
leaving this restricted basis, e.g. 

{Z ni Y mi } -> [Z, {Z n ^ l Y UH }} . (2.8) 

On the other hand, a SX fluctuation is just a commutator between an X and one of 
the condensates. 

We can now try to consider states with many Zs (for example) and similar 
quantities of Y and X. In this case it make sense to expand in a basis like 

Tr(XZ ni YZ n2 ---) . (2.9) 

In the matrix model we diagonalize Z and expand around [Z,Z] = 0, X = Y = 
just like in the £77(2) case. 

Finally we can have 1/8 BPS condensates by considering symmetrized combina- 
tions {X ni Y mi Z Pt }. In this case we expand around configurations with three normal 
commuting matrices. The fluctuations are dual to the commutators between any of 
the fields and the condensates just like for the SU (2) states. 



3. 1/2 BPS Condensates: The SU(2) Sector 



In this section we briefly review the 1/2 BPS states and their effective dynamics in 
terms of a normal matrix model. We then consider generic SU (2) states an set up 
an effective description in terms of a two matrix model similar to the one in f2"7j| . We 
then construct the Hilbert space in terms of the 1/2 BPS condensates. We obtain 
the canonical commutator relations for these states and explain how to obtain their 



classical limit. In doing so, we recover the picture of the "string bits" of |25], [TTj] and 
explain its precise relation with the "giant magnons" of [0. Moreover, we match the 
canonical structure expected from the dual string theory and also its sigma model in 
the limit of large A and infinite angular momentum. Finally, we comment on the a 
possible interpretation of the bound states of |!2], [35], [36], [Tj]] in terms of the matrix 
model. 
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3.1 Review of 1/2 BPS States Dynamics 

The 1/2 BPS states of SYM theory are described by multitrace operator build out 



of a single complex scalar: O nin2 ... = Tr(Z ni ) Tr(Z™ 2 ) • • ■ (see [^TJ and references 



therein). They are eigenstates of the dilatation operator with dimension 4 

f|0 nin2 ...) = (n x + n 2 + . . .)\O nin2 ..) = J z \O nin2 ...) . (3.1) 

It is well known that at one loop, the contribution from the D-term in the scalar 
potential Vd ~ Tr|[Z, Z}\ 2 to the dilatation operator is canceled by fermion and 
gauge loops fl2"| . One can translate this to the dual Hilbert space as, 



(O nim .,.\ Tr|[Z,Z]| 2 |O n;n ,...) = 0. (3.2) 

Since these states are protected by supersymmetry, we expect this to be true inde- 
pendently of the gauge coupling. 

From Eqs. (|3.1| ) and ( |3.2| ) it is natural to guess that the effective dynamics of 
these states will be described by a normal gauged matrix model with an harmonic 
oscillator potential |I], g §P|, 



S = J dt Ti(\D t Z\ 2 + \Z\ 2 ) , [Z,Z]=0. (3.3) 

This model can be visualized as a reduction of SYM onKxS 3 down to the zero mode 
of a single scalar |2"5], ETJ. The eigenstates of the matrix model can be expressed as 



antisymmetric wave function of the complex eigenvalues z t and can be classified in 



terms of Young Tableux Their quantum numbers match ( |3.1|) . 

Moreover, in the large N limit generic coherent states are described by "droplet" - 
like distributions of eigenvalues on the complex plane. For example, the ground state 
ipo ~ e~ Tr(zz) w -jj \y ave a probability density, 

(^ |^ ) = f [dZdZ]\ij \ 2 oc / Y[d 2 Zi e-^J^P+E^iogl^-^l 2 ; ( 3 _4) 

J[Z,Z]=0 J i=1 

which will be dominated by the saddle point of the exponential in the large iV limit. 
Here we have used the measure change for a normal matrix model which follows from 
the metric ds 2 = Tr(dZdZ) gj|. 

In the limit iV — > oo one replaces the sums by density distributions and one 
extremizes the functional 

E[p} = -2 J d 2 zp(z)\z\ 2 + ^ J J d 2 z 1 d 2 z 2 p(z 1 )p(z 2 )\og\z 1 -z 2 \ 2 , (3.5) 



4 In this paper we will make heavy use of the operator/state correspondence of SYM. We will go 
back and forth between operators and states and we hope that the context will make clear which 
one we are using. 
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with the constraint N — J d 2 zp(z). Using the fact that the logarithm is the Green's 
function in two dimensions one obtains a circular droplet distribution of eigenvalues 
of constant density given by |45[ 



AW(z,z) ddW(z,z) 2 
a = = = - , (3.6) 

47T TX TX 

where W(z, z) = — 2\z\ 2 is the potential for the eigenvalues. Then, from the normal- 
ization of the density one obtains the radius of the droplet: tq = \J N/2. The droplet 
approximation is very useful for calculating correlation functions in position space 
as we will see below. 

We would like to comment that there is a possible second matrix model that 
gives the same description of the 1/2 BPS states. This is a complex matrix model 
with the action (|3.3|) . It turns out that one can transform Z as Z — > W {Z& & g + R) U, 
where U G SU(N), Z diag is diagonal and R is strictly upper triangular pESfl . The 
measure change is [[4511 , 

N 

[dZdZ] oc Yl d 2 z t Yl \ Zj - z k \ 2 Yl d 2 R mn . (3.7) 

i=l j<k m<n 

One can easily see that the ground state wave function will be the same as in the 
normal matrix model and that for holomorphic correlation functions, the matrix R 
does not contribute 45j. Therefore, the dynamics of this model (in the holomorphic 



sector) is the same as with a normal matrix. However, as we will see, the distinction 
can be important for multiple matrix models. 

3.2 SU(2) States Dynamics 

A generic £77(2) operator has the form: 

Ti(ZYZZ ■ ■■) Tt(ZYYZ •••)••• . (3.8) 

For these holomorphic states one still has that the D-term contributions add to zero 
at one loop. Therefore, we expect that we can also ignore the D-terms from the 
effective matrix model. The lack of supersymmetry can make this model much more 



complicated that the 1/2 BPS case. However one can argue along the lines of [25| 



that for the 1/4 BPS states the corresponding matrix model is a simple rotation of 

Si/4Bps= Tr(|A^a| 2 + |^| 2 ) , (3.9) 

a=Y,Z 

for normal commuting matrices [Z a , Zp] = [Z a , Z a ] = 0. 

At one loop, the anomalous dimension is again generated by the commutators 
from the F-terms: Tr| [Z a , Zp] \ 2 . We can again argue for an all-loop generalization 
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27] involving two complex matrices and ignoring the D-terms: 



S = / alt Tr 



D t Z a \ 2 + \Z a \ 2 ) + ^2\[Z a , Z p }\ 2 + higher commutators 



(3.10) 

The first three terms of the action come from the direct reduction of SYM on the 
S 3 to the zero mode of the matrices, and the higher commutators will come from 
integrating out higher modes and fields 5 . A similar matrix model arises from the 
one-loop dilatation operator in the 577(2) sector p§|, P9| . 

As in any quantum system one chooses a particular classical configuration for 
which to define the perturbation theory. To define a consistent perturbative expan- 
sion one needs to find stable classical configurations. In our case, we know that 
in the large N limit (and with Y = 0) the normal matrix model [Z, Z] — can 
be described by droplets on the single particle phase space of the eigenvalues of 
Z. Moreover, these configurations are stabilized by SUSY. It then makes sense to 
expand around these "classical" solutions. Since the classicality is only statisti- 
cal, one needs a prescription to define this expansion. We do this in the following 
way. First write as usual Z — > Z + SZ, and we diagonalize the background Z. 
Then, we treat the eigenvalues z% as random numbers with probability distribution 
~ exp(— 2J2i \ z i\ 2 + J2i<j^°s\ z i ~ z j\ 2 )- The resulting operators and states of the 
Hilbert space will depend on Zj. Therefore, we define the inner product to be the 
statistical average of the usual one: 

_ /n^ 2 ^#o({^})i 2 (0({^})|g({^})i0({^})) ,„ m 

mv\4>) = rrr 2 , 7j Ul2 . 3.ii 

In the large N limit we can use the saddle point approximation as before. 

We now need to take into account the backreaction to 1/2 BPS background, SZ. 
If we ignore the possible higher commutators in the action ([3.10 ), we see that the 



fluctuation 5Z enters quadratically in the action and can be integrated out leaving 
an effective action for the matrix Y in the BPS background Z. This will result in 
higher interactions for Y. In this article we will ignore these interactions for sim- 
plicity. These higher interactions are suppressed in the strong coupling and infinite 
momentum limit as we discuss below. 

At this point, our procedure is pretty much equivalent to the one in [46], |47|| , but 
the approach presented here is simpler and allows generalizations beyond the SU (2) 
sector as we will see in the next sections. Matrix models in terms of collective fields 



describing the BMN limit of SYM have also been studied in [48 



5 Here the SO(6) invariant potential of SYM can be written as YJ a Tr|[JT a , JTb]| 2 = 
2 £«,/3=i Trl^Z^I 2 + 2££ i/3=1 Tr\[Z a ,Zp}\ 2 , where Z = -^{X x + iX 2 ) etc. The last term 
in the potential is the D-term that we ignore in this matrix model. 
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Finally, one also has the possibility of expanding around the ground state of 
the complex matrix model mentioned in the previous section. It turns out that the 
distinction between the two backgrounds goes to zero in the infinite momentum limit 
discussed in the next section. 

3.3 1/2 BPS Condensates, String Bits and Giant Magnons 

We can now calculate the effective hamiltonian for the Y fields on the background 
of Z. After diagonalizing the normal matrix Z, we have, 

H = ^uJij (A ] y ){(Ay)) + (A ] Y ){(A Y )) + interactions , (3.12) 
where the creation operators are given by 



(4)? = a/^W--^=(^)?]. (3-13) 

V j 



(4)i = ^/y - -j=fc)t] , (3.i4) 

V ij 



with 



Uij = Jl + j^lzi-zjl 2 . (3.15) 

Here we have assumed that the fermions cancel the zero-point energy from normal 
ordering the operators in ( 3-12Q . Finally, we have normalized the diagonal matrix so 
that Zi = with V{ < 1. 

We can now construct the Hilbert space of states. With our normalization a 
generic single trace state takes the form 

\n u n 2 ,...,n L ) = ^ Tr(A Y ^ ni (Z)A Y ^ n2 (Z) ■ ■ ■ A^ nL (Z))\0) Y , (3.16) 
where, 



ip n (Z) = VT+nZ n , (3.17) 

and \0) Y is the usual vacuum for Y defined by Ay|0) y = y4 y |0) y = 0. The wave- 
functions ip n {Z) are dual to the 1/2 BPS condensates. In fact as we will see they 
will localize on an S l at large n just like the 1/2 BPS states. This is the infinite 
momentum limit. The A Y excitations are called "string bits" |25|, |27j and as we will 



see they have a dual description as the "giant magnons" of 

It is easy to verify the orthonormality of these states using our inner product 
prescription: 

L „ L 
(ni,n 2 , • • • ,ni|ni,n 2 , . . . ,n' L ) w J J / [dA]V'n I (2j)'Vn|(zi) = ]^[^n ; ,n; , (3.18) 



i=i " i=i 
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where J[dD] = L drr j Q v d^/n is the integration across the droplet, and we are 
assuming the generic case where not all of the n« are equal so we ignore the cyclicity 
of the trace. 

Now lets consider calculating the expectation value of some observable, say the 
Hamiltonian fl3.12|) . After doing the usual planar contractions of the Ays one can 
always reduce the problem to a product of integrals over the droplet. A useful 
property of the 1/2 BPS condensates is 

In 4- 1 

ZMZ) = J——^ n+ i(Z) . (3.19) 
V n + 2 

Under the inner product fl4.9|) one then sees that Z and Z can be treated as the 
operators Z^ and Z with the property: 

re**\n) (3.20) 

e-**f\n) , (3.21) 

(3.22) 

n + 1). (3.23) 

Note that (f) < 1 and thus as the notation suggests, this will become the operator 
that measures the radial distance of the droplet. We also observe that n is the 
momentum conjugate to <j), [(f), n] = i, or in terms of f, = f 2 /(l — f 2 ). From the 
canonical commutator relation we can derive, 




(3.24) 



This indicates that our system is constrained, which is not surprising since we are 
restricting our Hilbert space by choosing these special SU(2) states. As we will see, 
this is exactly the expected canonical structure for the SU(2) states in the string 
theory dual after an appropriate gauge choice. 

It is easy to show that for any function f(Z, Z) with a power law expansion, 

J [dDW n (z)*f(z,z)Mz) = (n\°J{Z\Z)l\n') , (3.25) 

where °° denotes anti-normal ordering with respect to the operators Z\ Z. Therefore, 
we can write the quadratic Hamiltonian in our basis as 



#i»> = 0.+i> 



71 

Z\n) = a I In — 1) 

W n + l' 1 



where we define 



e*\n) 



h + 1 ' 
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Let us now discuss the possibility of expanding around the background corre- 
sponding to the ground state of the complex matrix model discussed in the pre- 
vious section. Ignoring again the backreaction, we regard the matrix Z as a ran- 
dom variable with distribution J[dZdZ]exp(—2 Tr(ZZ)). Now consider the Hamil- 
tonian at one-loop in A. The anomalous dimension will be generated by a term 
oc 1i[Z,A Y ][Z,A Y }. 

Lets apply this to the state \ip) ~ Tr(- • ■ Z ni A Y Z n2 ■ ■ ■ ). It is easy to see that 
the anomalous dimension Hamiltonian will act in such a way to introduce a Z and Z 
fields at the left and right of Ay so that we conserve the U(l) charge. As an example, 
consider the interaction that takes Z ni — > Z ni ZZ. Then, the matrix elements for 
this kind of interactions will be reduced to the following correlation function, 

(Tr(Z<Z^ZZ)) _N 

T d m,ni > ( 3 - 27 ) 



y/( Ti(Z<Z<)) Tr(Z"iZ"i)> 2 



where we have taken the planar limit. 

Now consider doing the same correlation function but with the normal matrix 
model (NMM), 



Ti(Z<Z ni ZZ)) NMM J[dD}z< +1 z ni+1 _ N (n x + 1 



Tr(^i)) NMM < Tr(^^)) NM M ' " 2 \m + 2 J ^ ' 

(3.28) 

We see that both results agree only in the infinite spin limit n\ — > oo. 

Therefore, we can regard the calculations done in this paper with a normal matrix 
background as asymptotic in the large spin limit. In any case, we can calculate 
corrections to this limit with the backreaction term SZ. We leave these calculations 
for the interested reader. 

3.4 Classical Limit and the dual String Theory 

In Quantum Mechanics one usually recovers the classical limit by taking h — > 0. 
This makes the canonical commutators vanish, [x,p] = ih — > so that x and p 
become simple classical observables. For constrained systems the classical limit can 
be trickier. In our case we can see from ( 3.24j) that the classical limit is reached by 



taking states for which (f) — > 1, or (n) — > oo 6 . This is precisely the localization on 
the edge of the droplet which is correlated to the limit where the Y impurities are "far 
away". This limit also takes away the ordering ambiguities from the Hamiltonian 
which becomes 

g (2) «Ev sin ( '" 2 ' +1 ) > ( 3 - 29 ) 

1=1 n ^ ' 
where we have taken the large A limit to compare with the string theory. 



6 Note that in our conventions h = 1. 
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This is precisely the Hamiltonian of the "giant magnons" of [32|. In fact, the 
whole picture is exactly the same: we can picture the Y? as an excitation (string bit) 
joining two eigenvalues Z{ and Zj which become localized at the edge of the droplet 
when n — > oo. In fact, taking n — > oo with A0 fixed is precisely the Hoffman- 
Maldacena limit. Here, however, we have a full quantum description of the system. 
One can see that finite n effects will delocalize the ends of the string bits and make 
them "fuzzy" on the S 2 (fig. 1). Finite n effects were considered recently in |HU| for 





a) 



b) 



Figure 1: In figure a) we show the usual giant magnons at infinite momenta rii — > oo. The 
lines are identified with the "string bits" Y? and the edges with the 1/2 BPS condensates 
Z ni . Here the disk is mapped to an S 2 C S 5 so that the edge is the equator of the S 2 . 
Finite nj effects will delocalize the ends of the magnons away from the equator as shown 
in figure b). 



a single giant magnon. Their results confirm that the ends of the giant magnon are 
delocalized from the equator at finite n. 

The relation between the momentum of the magnons and the angles on the 



droplet can be seen more clearly by Fourier transforming as in p7 |. For example, 
consider the following asymptotic state, 

A 

|V>(p))= lim lim V e ipx Tr(- • • Y ] Z n+X Y ] Z n ~ x Y^ ■ ■ ■ )|0) Y , (3.30) 

A— >oo n^oo * J 
x=— A 

where we first take the limit of infinite separation n — > oo. One can show that these 
states are approximately orthogonal in this limit. 

For condensates of infinite angular momentum the operators ( p.20|) and ( |3.21| ) 
become simple shift generators, 

Z\n)&\n-1), Z ] \n)^\n + l). (3.31) 
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Focusing on a single string bit, the effective Hamiltonian between these asymptotic 
states is simply, 



fay 



+ ( 3 - 32 ) 



where, 

^M+iK> n m) = 2|n/,n/ + i) - \m - l,n/ + 1) - |nj + l,n J+1 - 1) . (3.33) 

This is the same asymptotic Hamiltonian found in the two matrix model of [f!7|| . 
The eigenstates of this Hamiltonian are simply plane waves of the form ( ^.30[ ) with 

energy, 

£ asymp . = ^1 + A sin 2 (0 . (3.34) 

Comparing with (|3.29|) we see that p = A0. 

We can also match the canonical structure of these string bits to the one found 
in the string theory side. Since these are SU(2) states they must be a limit of the 
well known rotating strings on K x S 3 [BJ. A well known limit of these strings is the 
one corresponding to "long strings": L — > oo with X/L 2 = fixed < 1 as discussed 
in the introduction. The canonical structure should not depend on the particular 
limit we are taking since L is a conserved quantum number. One can calculate the 
Polyakov action for these string using the following coordinates on the S 3 ||11|| : 



re 



i(t+4>) ? Y = Vl^e ilp . (3.35) 



One then chooses the gauge, r = t, p^ = const., which is appropriate to compare 
with the bosonized labeling of the states ( |3.16| ). One obtains the action 7 , 



»i 

S&L I dt I da 



Vl " 1 A (r' 2 + rV 2 ) + c/ A2 



(3.36) 



1-r 2 8vr 2 L 2V r ' \L\ 

where one eliminates the time derivatives of all the higher order terms |7|, || and, 

L = V\ [ dap v , A = $ M N = R 4 /a' 2 . (3.37) 
Jo 

The same action can be found from the spin chain formalism in the gauge theory 
at one loop using the coherent states for the Cuntz algebra [11 . From this action we 
see that the canonical momenta are 

Pr = , p<p = L- . (3.38) 

1 — T 2 - 

This are precisely the constraints found above from the matrix model calculation! 



7 In pTJ we droped the factor of -1 since we were comparing anomalous dimensions only. 
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The additional factor of L comes from taking the large L limit, since the total 
momentum for the Z fields in the gauge theory becomes: 



1=1 ^° r 



One can also reproduce the commutator algebra by using the classical Dirac 
brackets for constrained systems ||51||. The Dirac bracket is defined by 



{A, B} D = {A, -B}pb - MMG-^M, B} PB , (3.40) 



where {, }pb is the usual Poisson bracket. Furthermore, the second class constraints 
are given by the equations fi = and G' 1 is the inverse of 

Gij = {/i,/i}p B . (3.41) 

The constraints are given by: 

2 

fi=Pr, f 2 = P(f> -L-^— 2 . (3.42) 

1 — r z 

Then it is straightforward to verify 

(1 -r 2 ) 2 

{M^ = L ~2LF L - ( 3 - 43 ) 

The comparison with the quantum theory is done as usual: [, ] = i{, } c iass.- One then 
obtains precisely the continuum version of the commutators ( p.24|) . 

3.5 Multiple Giant Magnons and Bound States 

Suppose that we put many string bits together as in the state (|2.1|) . One of two 
things can happen: either we have the trivial addition of classical giant magnons, or 
we form a bound state. The first outcome happens if we take the formal rij — > oo 
limit for each condensate. The total energy in the limit of many string bits {L ^> 1) 
is, 

^»t^{^)»£ (3.44) 

Here we assume that L does not scale in any way with A. If we scale L as in the fast 
string limit, A/L 2 < 1 we get instead, 

H"«Lf\(l + ^ + ...). (3.45) 
This agrees with the classical string action ( |3.36| ) at one loop. 
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Understanding the emergence of bound states and of strings at r < 1, requires 
taking into account l/n« corrections. However, there are two effects that can be 
important for understanding these corrections. First, as we discussed above we need 
to take into account the backreaction term in the matrix model. Furthermore, one 
needs to understand the possible higher order interactions that can come from inte- 
grating higher spherical harmonics in SYM. We do not have a good understanding of 
these issues at this moment. However, suppose that these unknown interactions tend 
to normal order the Hamiltonian (|3.26|) . Then one can deduce the classical limit by 



constructing coherent states for the operators Z\. 
In fact, one can show that the states, 

oo 

\ z ) = (l - \ z \ 2 ) J2 \fo+Tz n \n) , (3.46) 

n=0 

are indeed overcomplete coherent states of the operator Z. The completeness relation 
is, 

f 1 drr f 2w dd>, w , , 

lw^r-l > >w = 1 - (3 ' 47) 

The classical Hamiltonian in the coherent state basis will be, 



( : # (2) :> = £ + « ^ jf 1 vV 2 + r V 2 , (3.48) 

where in the last step we have taken the strong coupling limit and then the continuum 
limit corresponding to a large number of string bits. This is exactly the Nambu-Goto 
action for a string on R x S 2 in the static gauge . 

Of course, the presence of bound states follows directly from the duality between 
this action and the Sine-Gordon theory These bound states and its generaliza- 



tions have been studied recently in [R51 Rq, 37, 38, 39, 40 



4. 1/4 and 1/8 BPS Condensates: The 577(3) Sector 

The concept of 1/4 BPS condensates was discussed briefly in section 2. Here we will 
study these condensates in detail as we did for the 1/2 BPS case. The general states 
we want to consider are of the form 



Tr(X {Z ni Y mi }Y{Z n2 Y m2 }Z ■■■) . (4.1) 

In particular we are interested in the limit where ni,rrii — ► oo with the number of 
"impurities" outside of the condensates held fixed. 

By the same arguments of the previous section, we expect an effective description 
of generic SU(3) states in terms of a matrix model similar to ( |3.10| ) but now with 
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three complex matrices (a = X,Y,Z). There are two complications in the SU(3) 
case, however. The fluctuations 5X, 5Y and 5Z cannot be integrated out so easily. 
This is actually a good thing as these fluctuations have an interpretation in the 
operator language as we discussed in section 2. 

Moreover, it turns out that we need to include the D-terms to the action. This 
conclusion follows from comparing with the string theory results (see below). We 
do not have a purely field theoretical explanation for this but it seems to be a 
consequence of the fact that we have less supersymmetry for these states and hence 
the one loop result is not protected at strong coupling. The effective action for these 
states is then of the form, 



S = / dt Tr 



E(iA^i 2 +i^i 2 ) + ^Ei[ z -^) 

.a ^ ' a ,/3 



,2 



I \Z(x, ZpW 2 + higher commutators 

(2ti) 2 — ' 



(4.2) 



As we discussed in section 2, for large n^rn, the states ( |4. 1| ) look like many 
"condensates" of 1/4 BPS operators involving Z and Y fields. Therefore we can 
try to define our expansion around "classical" configurations with [Z, Y] = [Z, Z] = 
[Y, Y\ = 0. The classical configurations will be the eigenstates of the 1/4 BPS action 
}.9|) in the large N limit. In particular, we know that the ground state is given by 



ip Q ~ e" Tr (l^l 2 +I^l 2 ) ||. Thus, the energy functional that determines the geometry 
of the eigenvalue distribution is 

E[p] = -2 J d 4 xp{x){\z\ 2 +\y\ 2 )+~ J J d 4 x 1 d 4 x 2 p(x 1 )p(x 2 )\og(\y 1 -y 2 \ 2 +\z 1 -z 2 \ 2 ) , 

(4.3) 

where we have used the measure change for two normal commuting matrices: 

[dZdZdYdY] oc Y[d 2 Zl d 2 yiY[(\yk-yi\ 2 + W - z { \ 2 ) . (4.4) 

i k<l 



Doing a saddle point calculation as in ^7J one finds that the eigenvalues form 
a singular distribution on an S 3 C 1R 4 with radius r = y/N/2. The fluctuations 
around this background are the non-BPS parts of these operators. 

The motivation for this interpretation is the same as with the 1/2 BPS con- 
densates. If we consider calculating the one loop anomalous dimension for these 
states we see that the planar contribution from the F-term and D-term commutators 
Tr| [Z, Y}\ 2 , Tr| [Z, Y] | 2 will be zero when contracted between the condensates. Only 
contractions between fields outside the condensates and the condensates themselves 
will give rise to anomalous dimensions. We interpret these interactions as fluctua- 
tions around the commuting background. The interactions Tr|[Z, X]\ 2 , Tr\[Z,X]\ 2 
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and Tr|[Y", X]\ 2 , Tt\[Y,X]\ 2 that involve a condensate and a transverse X field are 
interpreted as the fluctuation 8X in the matrix model. Finally the interactions 
Tr|[Z, Y\ | 2 , Tr| [Z, Y]\ 2 with Z or Y fields outside the condensate are just the back- 
reaction of the condensate SY and 8Z. 



4.1 Hilbert Space and Canonical Structure 

To simplify the discussion let us start with the states 

Ti{X{Z ni Y mi }X{Z n2 Y m2 }X ■■■) . (4.5) 

That is, let us ignore the backreaction to the 1/4 BPS condensates for the moment 
(5Y = 5Z = 0). We then diagonalize the classical background of commuting normal 
matrices. The effective Hamiltonian for the X fluctuations will have the same form 



as for the SU(2) case ( 3.12|) but now with the following dispersion relation 



= t/i + ^2 (\v* - yj\ 2 + \ Zi - z j\ 2 ) • ( 4 - 6 ) 

Note that if we had ignored the D-terms, the dispersion relation would have an 
additional factor of 1/2: Jl + ^^(\Az\ 2 + \Ay\ 2 ). 

In analogy with the 1/2 BPS condensates, the basis for this sector is 

\n 1 ,m 1 ;n 2 ,m 2 ; . . .;n L ,m L ) = — ^ Tr[A x i/; nurni (Y, Z) ■ ■ ■ A x ip nL>mL (Y, Z)]\0) x , 

(4.7) 

with 



i>n,m(Y, Z) = \l (n + 7t 1)! Z"r- . (4.8) 

V n\m\ 

Using the saddle point approximation, the inner product can be reduced to integrals 
over an S 3 in the large N limit: 

(n 1 ,m 1 ;...;n i ,m i |n' 1 ,m' 1 ;...;<,m' L ) ~T[j Vol(ffl) ^ n ' ,m '^' Zl ">*^ n 'v m 'M' z ^ 

L 

= Yl^n'Smuml , (4-9) 
1=1 

where z, y become coordinates on the three-sphere, |y| 2 -|-|z| 2 = l. 

Just like in the SU(2) sector, we can treat Z and Y as creation operators under 
our inner product. They obey the following properties: 
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Z^\lp n>m ) = \hr, i \^n+l,m) = 7 == e^ 1 [-0n,m) 

| 2 + n + m v 1 + 



r 2 



f 2 + r\ = 1 



r/ 



n 

n + m ' 

rh 
n + rh ' 

1 



n + m 

We can now calculate the following canonical structure: 



^2 



h,r 2 \ = -i-^f) 



[fj, a ] = Z?7 



r 2 

i 

2 



4.10) 

4.11) 

4.12) 
4.13) 

4.14) 

4.15) 
4.16) 
4.17) 



4.18) 

4.19) 
4.20) 



and the conjugate momentum to 4> a is P a = r 2 a jf] = h a . 

One can also show that the operators are antinormal ordered under the inner 
product (see Appendix A) and so the effective quadratic Hamiltonian is just 



H {2) = £^ 1 + (2^)2 " ^U 2 + \Z\ ~ ZU) I . (4.21) 
4.2 Localization and the Classical Limit 

The localization of the 1/4 BPS condensates works just like for the 1/2 BPS case. 
Looking at the canonical commutators ( |4. 10| ) we see that for states with (h+rh) — > oo 
with (h)/(rh) fixed will localize on an S 3 . The operators r a , cj) a become commut- 
ing (classical) numbers and we can drop the anti-normal ordering symbols on the 
Hamiltonian ( [4.21 ) and replace the operators by classical coordinates on the S 3 , 

M 2 + |z,| 2 = i. 

In the case of the 1/2 BPS condensates, the localization occurs from S 2 — > 
S 1 . The form of the commutators Q4.1C ) suggests that for the 1/4 BPS case the 
localization occurs as S A — > S 3 . We will confirm this intuition by comparing with 
the dual string states. But first lets try to match the canonical structure as we did 
with the 1/2 BPS condensates. 
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It is now important to remind the reader that the canonical structure found in the 
string theory side is sensitive to 1) the string configurations that we are considering 
and 2) the gauge choice in the sigma model action. One could think that since the 
states ( |4.5|) are a restricted subset of the SU(3) sector (ignoring backreaction) one 
will not be able to match the canonical structure found in the gauge theory side. 
However this is not correct since we can always expand around these states and, 
if we take into account the backreaction to the 1/4 BPS condensates, we have a 
complete basis of states for this sector 8 . Thus in this case the particular canonical 
structure is tied to the choice of basis and therefore, in the string theory side, it 
will be related to the gauge choice in the sigma model. We would have obtained a 
different canonical structure had we expanded around 1/8 BPS condensates which 
are of the form Ti({X n Y m Z p } ■ ■ ■ ) for example (see below). 

We can now find the sigma model action for the SU(3) sector in the "fast string" 
limit: J x — ► oo, A/J| = fixed, just like we did in the £77(2) sector. The form of the 
operators (|4.5|) tells us that the correct gauge choice is the one that distributes the 
angular momentum in X uniformly along the string. Looking at the commutators 
( [4.1 0| ) one realizes that a convenient spacetime coordinate system for these strings 



is. 



'■i e W) i Y=-fi=S t ++ a \ X=J-^—e^, (4.22) 



where r \ + r\ = 1 . We now choose the gauge 

t = r , Pip = const. (4.23) 

Following the standard procedure of eliminating time derivatives for spatial deriva- 
tives |7], H in the sigma model one finds (see Appendix B), 



S 



da 




4>2 




rj rj 




A 


n ( 


rf 2 


)2jL 2( 1 + 7?) 2 1 


Ar] 



22 K + r*Jl) 

a=l,2 



. (4.24) 



We see that the canonical structure is exactly as in the matrix model calculation: 
P<i>a ~ r a/v w hh the other momenta set to zero. In fact, one can confirm the 
continuum version of the commutators (|4.18|) - ( |4.20| ) by using the Dirac brackets 
with the following constraints: 

fi = rl+rj-l , f 2 = p ri , / 3 = p r2 , f 5 = pfa-Lrl/rj , f 6 = p^-Lrj/r] . (4.25) 



3 Note that even if we include the backreaction of the condensate, all terms in the Hamiltonian 



will be written in terms of the operators (4.10) and thus the canonical structure will be unchanged. 
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The localization on the S 3 can be understood in the same way as with the 1/2 
BPS condensates: it correspond to the classical limit 77 — > 0. 

Note however, that unlike in the 577(2) sector, the classical Hamiltonian that 
follows from the action (|4.24j ) does not match with the naive classical limit of the 
matrix model Hamiltonian ([4.21|) at one loop. This is indeed not surprising since we 
are ignoring the backreaction to the condensates which is unavoidable in the SU (3) 
sector. We will come back to this point in section 5. 

4.3 SU(3) Giant Magnons? 

A natural question to ask at this point is whether we can match the matrix model 
Hamiltonian ( |4.21| ) at finite L with some sort of 577(3) giant magnon solution in the 



string theory side. In general one would expect that in the limit rii + mi — > 00 each 
X string bit would correspond to a giant magnon configuration connecting two null 
geodesies of the form, 

Z = ri e H , Y = r 2 e lt , r\ + r\ = 1 , (4.26) 

one for each condensate to the left and right of the string bit 9 . 

Note however that these 1/4 BPS condensates do not correspond to the Giant 
Magnons with multiple angular momenta studied recently in the literature [[$8|, |39|, 40 1 
which represent bound states in the operator language. 



The states (|4.5| ) are very restricted if we ignore the backreaction to the conden- 
sates. Therefore, we can only expect a matching for some very special configura- 
tions. In particular one intuitively expects that configurations for which the ends of 
the giant magnon are at different radii r a are unstable and thus would require the 
understanding of the backreaction since on the dual gauge theory, one would have 
Z and Y fields flowing from one condensate to the next. We should then consider 
configurations for which r a is the same at each site. In the dual string theory this 
would correspond to giant magnons connecting the same null trajectory. 



The classical limit of the energy formula ( |4.21|) for these special states is, 



E stTing bit = ^ Jr\ sin 2 + r\ sin 2 (^j . (4.27) 

It turns out that with our simple ansatz for the classical string (see below), the 
matching with this quadratic formula only works for a subset of these states: those 
with A0x = A02- These can be considered as "rotations" of the usual SU(2) giant 
magnons. This restricted matching is hardly surprising since only in this case the 
spacetime probed by the string is actually flat. More generally, the backreaction to 



9 We can consider the more general null trajectories Z — rie luJlt , Y — r 2 e luJ2t with t\lo\ +r|w| 
1 . but this is the same as a redefinition of r^. Therefore we will set = 1 without loss of generality. 
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the string bit should take into account the curvature of the sphere and correct the 
naive square root form Q4.27 ). 

Let us now turn our attention to the classical string theory. We will consider 
strings moving on K x S 4 but for simplicity we restrict the motion on the S 3 C S 4 
as follows: 

Z = n sin[^(a)]e i(T+ ^ l(<T)) , Y = r 2 sin[^(a)]e i(T+ ^ 2(<T)) , X = ca#(<r)] . (4.28) 

After defining new coordinates 0i = + and 2 = + — 0_, the Nambu-Goto 
action in the static gauge t = r becomes, 

S NG = |5 J drd^+^x' 2 + x 2 [1 + 2a(j)'_ + - bx 2 )} , (4.29) 

where x = sin^, a = rf — r 2 ,b = Ar\r\ and the derivative is with respect to <p + . The 
equations of motion are, 

,, aG — ax 2 



x 2 (l — bx 2 ) 



(4.30) 



<x)G^ (^?pj = x [1 + a<P'_ + 0'_ 2 (1 - 2bx 2 )] , (4.31) 



where 



' a 1 — x 2 1 — bx ) 



u = dx/d(j) + and a is an integration constant. Therefore we can reduce the problem 
to a non-linear ODE for u(x) . 

Let us now consider the special case of r x = r 2 = l/y/2. One can easily show 
that the reality of G implies that a = and so <p'_ = 0. The equations of motion 



reduce exactly to the ones for the SU(2) giant magnon. The energy is [32 



E 



r\=T 2 — 

7T 



sm 



(4.33) 



where A<f>\ = A0 2 = A0 + . 

One can also show that setting a = implies r% = r 2 = 1/ y/2. This follows from 
the reality of u(x). Setting a = and integrating the resulting equations of motion 
gives 



u(x ) = \b\ x2{1 ' x2 \ i-telin u 34) 

where x m \ n is the turning point. At the boundary x — 1, the reality of it (a;) requires 
6 = 1 which in turn implies r\ — r% — \j 

Now lets study the solutions with a ^ 0. For these strings, the equation of 
motion for u(x) is highly complicated. However it turns out that it has a very simple 
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solution: the Giant Magnon of [32]. To see this, we first note that the boundary 
condition u(x = 1) is actually determined by the EOM. When we set x = 1 in Q4.31J) 
all dependence on u'(x) drops and one is left with an equation for u(l): 

u(l) = -^a 2 ~a 2 , (4.35) 

a 

where we need sign(a) = sign(a), and a 2 > a 2 . This last inequality also follows from 
the reality of G at the boundary x = 1. 

We can now relate this to the Giant Magnon solution in B3| for which, 



I - I ^min 



u(x) = ^-Jl-l^) . (4.36) 

Xrnin V \ X 



Comparing ( |4.36| ) with (|4.35|) we find that a = ax min . With a now determined by 



the turning point x m j n we can easily check that ( f4.36p satisfies ( f4.31| ). Therefore, as 



pointed out before, the solutions that we have found are just rotations of the Giant 



Magnon of [p2[ . Nevertheless they are consistent with the interpretation in terms of 
1/4 BPS condensates. This is because the ends of the Giant Magnon travel along null 
geodesies in S 3 which carry two angular momenta corresponding to the two fields Z 
and Y in the condensate, which is itself a rotation of the 1/2 BPS condensate. 

The generalization to 1/8 BPS condensates should be obvious by now. These 
will be of the form Tr({X n Y m Z p } • • • ) but since there are no transverse excitations 
left, the inclusion of the backreaction is unavoidable. The eigenvalue distribution 
turns into a singular S* 5 C M 6 with radius r$ = \/N/2. In this case it is perhaps 
more useful to use a 50(6) invariant notation as in P7J. In this case, the dispersion 
relation in any direction a = 1, . . . , 6 is, 



(2tt 

where xf = 1 are the coordinates in the S 5 . 



< = \l 1 + 77^2 & ~ S i I 2 > ( 4 - 37 ) 



5. Backreaction to BPS Condensates 

To simplify the discussion we can look at the 1/4 BPS condensates of the SU(2) 
sector. That is consider operators of the form 

Tr(Y{Z ni Y mi }Z{Z n2 Y m2 }---) . (5.1) 



This way we can work with the simpler matrix model ( |3.10|) . The proposal is that 
we consider expanding around the "classical" configuration of commuting matrices 
[Y, Z] = [Z, Z) = [Y, Y] = in the action ( ft/TOD as we did for the SU(3) sector. Then 
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the two possible excitations Y and Z outside the condensates will be described by 
the backreaction terms SY and SZ in the matrix model. 

In this case it is difficult to make comparisons with the string theory dual because, 
as we will see, the number of excitations outside the condensates is not conserved. 
We can, however try to match the qualitative picture we expect from a formal field 
theory calculation using the operators ( |5.1| ). In the limit, nj,mj — > oo we again 
expect that the "impurities" outside the condensates will not interact with each 
other. On the other hand, we expect only interactions between impurities and the 
condensates. First, lets consider the quadratic fluctuation around the commuting 
background. 

Expanding Z a — > Z a + Y a where Z a is the commuting background, one finds the 
following quadratic Hamiltonian (after diagonalizing the background) 

H {2) = 5>«)J(7r«)$ + M«f{Y a )i{Y p )) , (5.2) 

y 

where, 

fa/3 f 1 & (^Zijtjij 

-QtZijyij 1 ~t~ 0?|?/^j| 

and a = X/(2ir) 2 , Zij = z% — Zj and similarly for y. 

Naively one might think that the mass matrix can be diagonalized. However, we 
need to be very careful with the gauge invariance of the states. Diagonalizing the 
mass matrix means that we make a change of basis that depend on the background. 
On the other hand, any change of basis must be of the form, 

(Y*)i = J2f^i ( 5 - 4 ) 

where <fip are the (normalized vectors) that diagonalize the mass matrix and, by 
gauge invariance, must only depend on positive powers of % and y^ (and their 
conjugates). Diagonalizing the mass matrix one finds the following eigenvectors and 
corresponding masses: 



p = itu^-i "7% (5.3) 

% 3 \ —ny. .1,. . 1 _l_ A 2 1 y ' 



h)l = 7l = ■ = ' J ), M( = l + a{\ Zl tf + |y y n (5.5) 



1 ( z, 

v / l%l 2 + W \ -y*j 

1 ( Vij 



Ml = 1 (5.6) 



Inverting these relations one finds for example, 

Vl%l + ml 

which is not allowed by gauge invariance. Even if we try to avoid this by not normal- 
izing the eigenvectors one always runs into an ill defined square root at some point 
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of the procedure (when defining the oscillator operators). This is telling us that 
is really an interacting Hamiltonian. 

Using the usual oscillator basis we find = + H-£j., where 

= w«(Ai)l(A a )) , (5.8) 
= ~^=(4)?(A,)5 + h.c. , (5.9) 

where w\j = a/ 1 + a \ Zi j \ 2 etc. and we are taking expectation values on holomorphic 
states. Therefore, we observe that the interaction term represents the process of 
interchanging an "impurity" outside the condensate with one of the fields of the 
condensate (with opposite polarization): 

Tr(- • • Z{Z n Y m } ...)<-> Tr(- • • y{£«+iy™-i} • • • ) . (5.10) 

There are also cubic and quartic interactions. Lets consider the cubic ones. These 
do not preserve the number of impurities. On holomorphic states these interactions 
take the following form: 

# (3) = ^(AWIAyM) + ^{A\){[A z ,A z ])+h.c. , (5.11) 

where for simplicity of notation we defined the rescaled operators (A a )l = (A a )l / ^2ujfj 
Furthermore, we have assumed normal ordering of the operators and the extra 1/tq 
will be canceled since we loose/gain an extra field in the operator. 

We see that these interactions involve the absorption/emission of one impurity 
from the condensate. For example, 

Tr(- • • Z{Z n Y m }Y ...)<-> Tr(- • • Z{Z n Y m+1 } ■■■) . (5.12) 

Note, however, that the interaction involves both fields Z and Y at each side of the 
condensate. This prevents the creation of a single impurity out of the vacuum: 

Tr({Z n Y m }) -> Ti({Z n Y m - l }Y) . (5.13) 

This matches our intuition from the Bethe Ansatz since there we must have zero 
total momentum along the trace (by cyclicity) and therefore we need at least two 
Bethe roots. Moreover, we expect that turning on a single commutator gives zero by 
the cyclicity of the trace: 

Ti({Z n Y m }) -> Ti([{Z n Y m - 1 },Y]) = . (5.14) 

Finally we have the quartic vertex that involve the (long range) interaction be- 
tween the two impurities at each side of a condensate: 

= 2aTi[A\,A\][A Y ,A z ], (5.15) 
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where we have included the additional iV that comes from the extra close loop in the 
Feynman diagram. Of course we expect higher commutators from integrating out 
the higher modes on the sphere. 

It is easy to generalize this discussion to the SU(3) sector. For these operators 
we cannot avoid the inclusion of the backreaction and of the additional interactions 
from the D-terms. Therefore to fully understand the SU(3) sector we need to develop 
new techniques that can deal with lattices with varying number of sites. Note that 



this problem is already familiar in the study of Giant Gravitons [|Tl|] and multiple 



trace operators in SYM |52]. We do not know how to do this at this moment. But 



once this is understood we could calculate quantum corrections to the special states 
studied in the previous section. 

5.1 Higher Interactions and the Strong Coupling Limit 

Now that we have some experience in defining the expansion around commuting BPS 
condensates we would like to explain why this is in fact a strong coupling expansion 
and when does it breaks down. In other words, we want to understand under what 
circumstances, the quandratic (or cubic) approximation is a good one. 

The secret to answer this question lies in the form of the creation/annihilation 
basis defined above. Note that the relation between the creation/annihilation oper- 
ators and the matrix model coordinates is, 

M< = ySf p ° »■ + (m ~ ( (i + abUi') 1 " ) ■ (5 ' 16) 

Therefore, if we consider excitations that join two eigenvalues whose distance 
fixed in the limit A — > oo, then all interactions involving higher powers 
of the matrix model coordinates will be naturally suppressed as, 

TrOn - 3^4 • (5-17) 

Of course, we only expect higher commutators so we do not correct the quadratic 
potential. Moreover, at least for the 577(2) sector, the higher interactions must 
be constrained so we do not spoil the quadratic dispersion relation. For example, 
suppose we had a higher interaction term like cig Y M Tr|[Z, [Z, Y]]\ 2 . This would 
modify our dispersion relation as, 



Wij= \l± + j^y\zi-zj\ 2 + ci\ 2 \z i -z j \< 1 ^ yi + ^sin 2 (0 +16 Cl A 2 sin 4 (|) . 

(5.18) 

Now, note that keeping fixed the distance between the eigenvalues is just the 
Hofman-Maldacena limit |3^] and it was the limit studied above. As an example, 



consider the quartic interaction V4 ~ g\ M Tr|[Y^, Yp]\ . It is easy to see that this 
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will naturally be of 0(1) under this limit, while the quadratic and cubic interactions 
are of 0(V\). It would be interesting to compute the one-loop correction to the 
matrix model ( |3.10| ) for the ST/ (2) sector and verify that the new interaction is 
indeed suppressed. 

On the other hand, we can try to define the more familiar BMN limit using the 
matrix model. In this case we need to take A|xj — Xj\ 2 = fixed <C 1. This is the limit 
where we consider short string bits first and then take the A — > oo limit. For example, 
in the SU(2) sector we first take L — > oo first and so, \xi — Xj\ 2 —>■ \d a x\ 2 /L 2 ~ 
0(1/L 2 ). We see that in this limit every higher commutator interaction to the 
matrix model will be relevant and thus our quadratic approximation is invalidated. 
This explains why our model is so much different from the usual one-loop spin chain. 
It is because our model is well defined in the opposite limit. 

Nevertheless, the lack of interactions between the Y impurities in the SU(2) 
model makes it possible to match the string theory result at one loop in A as we did 
in section 3. At higher loops we do not know if the matching requires corrections to 
the quadratic Hamiltonian. 

What about 1/n corrections? One can hope to get a better understanding of 
these in the SU(2) sector. For that we need to take into account the backreaction 
8Z in the matrix model. However it can be that these corrections are entangled with 
the 1/a/A corrections. In any case, expanding around the normal matrix background 
should be regarded as an asymptotic expansion valid for BPS condensates with large 
angular momentum. It would be interesting to study this issue further. 

6. Discussion 

In this article we have attempted to clarify the relation between the reduced matrix 
model approach to calculate anomalous dimensions, and the usual operator mixing 
problem. This was done in terms of what we called "BPS condensates". These 
are long words in the scalar operators that look like sections of an otherwise BPS 
operator. In the matrix model these condensates were interpreted as a classical 
background which we use to define the perturbative expansion. In the dual string 
theory they represent (in a particular gauge) a infinitesimal section of a string with 
large angular momenta that localizes on a null geodesic on the S 5 . Our method of 
expanding around a background of normal commuting matrices turns out to be a 
good approximation in the limit of large angular momentum on the sphere. 

This interpretation allow us to match some well known string theory results in 
the limit where the condensates carry infinite angular momentum. For the SU(2) 
sector we were able to match the sigma model Hamiltonian of the dual string and its 
canonical structure with the matrix model Hamiltonian of the quadratic fluctuations 
around the 1/2 BPS condensates. This was done in the limit where we have giant 
magnons JHJ and fast rotating strings || . The constrained canonical structure found 
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in the matrix model also made clear why the infinite momentum limit correspond to 
a localization of the string on the equatorial S 1 of the S 5 . Corrections to this limit 
are harder to understand since they require an understanding of the backreaction of 
the BPS condensates and perhaps the 1/y/X corrections. 

For the £77(3) sector the matching was limited by the fact that we need to 
understand the backreaction to the BPS condensates in the matrix model even in 
the limit of infinite angular momentum. Nevertheless, we were able to match the 
canonical structure and the presence of SU(3) giant magnons that are in a a sense 
"rotations" of the usual SU(2) giant magnon. Finally, we explained why the reduced 
matrix model is more naturally defined in the strong coupling limit of the gauge 
theory. 

So far, significant evidence has been accumulated that the effective Hamiltonian 
for states of J\f = 4 on M x £ 3 dual to holomorphic scalar operators on M 4 is described 
by a reduced model of matrix quantum mechanics 0, [25|, |27|, |30], |3l], 0. What 



is really needed at this moment is a formal derivation of the matrix model at strong 
coupling. We believe that the secret lies in expanding around (nearly) highly super- 
symmetric states. This is where the BPS condensates can be very useful, specially 
in the infinite momentum limit. For example, for 1/2 BPS condensates of infinite 
angular momentum, we can focus on a single transverse excitation Y in an infinite 
"sea" of Z fields: O ~ • • • ZZZZYZZZZ ■ ■ ■ . The Feynman diagrammatics should 
greatly simplify by the fact that if the Y was changed for a Z field, all the dia- 
grams must add to zero by supersymmetry. Of course, it would be nice to derive the 
matrix model without resorting to the usual diagrammatic calculations but instead 
integrating out higher spherical harmonics on the £ 3 . 

Understanding the operator mixing problem in terms of a reduced matrix model 
can be used as an alternative route to using integrability in testing the AdS/CFT 
correspondence. This is because, as we saw, one can match directly the Hamil- 
tonian of the dual string and its canonical structure instead of having to find its 
spectrum. Nevertheless it would be interesting to understand the emergence of in- 
tegrable structures in the language of the reduced matrix model. In fact, it is very 
useful to calculate the scattering phase for the string bits in the SU (2) sector with 
the quadratic Hamiltonian ( |3.26| ). Perhaps one could match the phase calculated 
using the sine-Gordon model in certain limit. This will probably require the 
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understanding of the 1/n corrections in the matrix model. 
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A. Anti-Normal Ordering 



In this section we prove the identity, 



/ : ^s&^O r ,Z)*Z n Z m Y k Y l rl, ni ^(Y,Z) = {n u n 2 \l{^Y ' Z m {Y^) k Y l l\n'^n' 2 ) , 

(A.l) 

where the operators in the RHS were defined in ( |4.1U| ). Now, we can always identify 



the result of the integration with an effective operator, 

|Z z i i JmtPi,^2/ — / \n\ + rix — mi, n 2 + n 2 — m 2 ) , 

[Chi+ni,h2+n2 ) 

(A.2) 

where, 



/(2 + n + m)! 

*- = V ihlml ■ (A - 3) 

All we need to do now is to match the RHS of (|A.2j) with the result of the anti- 
normal ordered form of the dual operators (|4.10 ). For simplicity we will do this only 



in the case where — m^ > 0. The other cases follow similarly. For the integrations 
we will use the identity, 



m 1 n 2 1 ni+n 2 

Cni+ni,n2+ri2 



.* n n Terr n v^n^ . ^ 



Therefore, we can write the RHS of (|A.2|) as, 

c hi+ni-mi,h2+n 2 -m 2 c ni,h 2 I I j T j [ /- . ;\ 



m— mi ni 



(Cfii+ni,ri2+n2) 2 



fc=l k=n\— mi+1 

n 2 — m 2 «2 

x JJ Vn 2 + Z j | (n 2 + 

i=l i=«2-m2+l 
ni— mi+«2- m-2 

* n 



_i V 2 + ni + n 2 + s 



rti+n 2 

X 



j [ . (A.5) 

ni—m\+n 2 —iri2 + i 



It is now straightforward to verify that one gets the same result using the anti- 
normal ordering form of the operators (|4.10|) : Z mi Y m2 (Z^) ni (Y^) n2 \hi,n 2 ) in the 
case rij — m,- > 0. 



30 



B. 577(3) String Action 



Here we derive the action for fast rotating strings in the SU(3) sector Q4.24J) . As 
usual, we start with the Polyakov action in momentum space 0, 

Sp = ^J dT l da + \ A ~ l ^P^P" + G^d^d^} + BA~%d lX A , 

(B.l) 

where A = ^—gg 00 , B = y/—gg Q1 and g ab is the worldsheet metric. 

We now consider string moving in R x S 5 with the following parametrization: 



t = T , X 



V 



o't'-P 



Y 



1+T)~ y/l + 7] 

The metric in these coordinates read, 



(B.2) 



1 



2dt(r 2 1 dcj )l + rldfo) + (dr 2 a + 

' «=1,2 



,2 j i2> 



ds 2 = ^dt 2 + 

1 + T] 1 + T] 

(B.3) 

We want to use the remaining gauge freedom to distribute the angular mo- 
mentum in (p uniformly along the string. This is appropriate to compare with the 
operators fl2.7|). We have that, 



We want to expand the action at first non-trivial order at large p v . 
The Virasoro constraints that follow from flB.lp are, 

G^PuPu + G^xV = , 



= . 



(B.4) 



(B.5) 
(B.6) 



We can now solve for p t using (|B.5|) . 



Pt 



P% , 



where, 



A 



T) \ PiX ' 



(B.7) 



(B.8) 



+ VJ Pip 

and i,j = rj, r±, r 2 , <f>±, 02 and we have used ( |B.6| ) to solve for ip'. 

We can now plug the value of p t calculated above back into the action. We 
get an effective action in terms of the momenta Pi. Since the momenta enter only 
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algebraically into the action, we can easily solve for them using their equations of 
motion. Plugging the result back into the action we get, 



1 d 2 A , n s 

= oir-T- , (B.10) 



s p = / dT I " d(J \J (Gu^x* + l -^ L P%) (! - , (B.9) 

where, 

2 dpidpj 
and x^ a = 1 + <fi a . 

One can make a systematic expansion at large p v where one gets an effective 
action which is linear in the x 1 and one eliminates higher powers of the time deriva- 
tives in terms of higher spatial derivatives |7|, |8| . Here we do not need to follow this 
procedure in detail since we want the leading order at large p v . Therefore, as usual 
we assume that all time derivatives are of order ~ Then expanding the action 

( |B.9| ) at leading non-trivial order we find the result ( |4.24j ). Higher order corrections 
will only affect the form of the Hamiltonian but not the canonical structure. 
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